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Abstract 
This paper presents a new analytical probabilistic model that can characterize the energy recovery and economic payback 
period of in-line micro turbines in water distribution applications. 
The analytical probabilistic model incorporates elements of derived probability distribution theory. A probability distribution 
function for the power produced by the turbine is first derived assuming that the power produced by the turbine is functionally 
dependent on the flow rate through the turbine. A probability distribution function for the payback period of the turbine is also 
derived assuming that the payback period is both functionally dependent and inversely proportional to the power produced.  
The analytical probabilistic model was applied to a water distribution network to evaluate the expected values and standard 
deviation of payback period. The case study was used to examine the impact of the coefficient of variation of turbine flow, 
initial capital cost of the turbine, and electricity price on the expected value and standard deviation of payback period for an 
optimized turbine location. The results suggested that the coefficient of variation of turbine flow had little impact on the 
expected value and standard deviation of payback period. The initial capital cost and electricity price had a significant impact on 
the expected value of payback period but only a small impact on the standard deviation of payback period. The results will help 
municipalities better understand how the uncertainties associated with demand, initial capital costs, and electricity pricing will 
affect the economic viability of in-line micro-turbine projects in their systems. 
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1. Introduction 
Water distribution networks are complex systems which are responsible for delivering water at an acceptable 
quality and pressure in an economically efficient manner. Recently there has been a growing amount of research 
directed towards reducing water losses and energy expenditures within water distribution networks (Colombo and 
Karney, 2003; Filion et al. 2004; Khadam et al. 1991; Giugni et al. 2012), as the relationship between pressure and 
leakage has been well established (Khadam et al. 1991; Mays 1994; Lambert 2001 and; Giugni et al. 2009). 
Further, in networks with variable topography (e.g., large changes in ground elevation with high points and low 
points), some systems may experience larger-than-required pressures in areas with low ground elevations.  
The traditional way to dissipate these excess pressures is by way of an in-line pressure reducing valve (PRV). 
An emerging idea is to replace PRV’s with in-line turbines to regulate pressures within the network. The added 
benefit associated with using a turbine for this function is the ability to harness energy from the excess water 
pressure, while simultaneously regulating the pressure within the network. A turbine used in such a sense will 
hereinafter be referred to as a pressure reducing turbine (PRT) in this paper.  A PRT will reduce the head (pressure) 
within the pipeline to a specified value- alike a PRV, while concurrently capturing the energy which would 
otherwise be “lost” to thermal energy through frictional dissipation, and converting it into electricity. The 
electricity produced by the turbine can be either used to partly meet the power requirements of the pumps within 
the system and reduce operating costs, or sold to a local energy utility. 
Previous research has examined the optimal placement and financial payback performance of PRT’s. Nicolini 
and Zovatto (2009) have proposed methods for optimizing the number, location, and setting of PRT’s within 
networks. Colombo and Kleiner (2011) discussed the financial viability of using micro turbines to dissipate 
pressures in networks while considering diurnal demand patterns and uncertain demand growth rates. They found 
that the system demand is the dominant factor that governs the viability and payback period of micro-turbines. 
Giugni at al. (2012) developed an optimization algorithm to find the optimal placement of PRT’s within a system 
and showed that increasing the number of devices within a network does not necessarily result in increased energy 
production. More research must be conducted in order to understand the effects of uncertainty when considering 
the application of PRT’s. The main deciding factor when considering such a project is the amount of recoverable 
power and consequently the payback period of the turbine, which is dictated mainly by the systems demand 
(Colombo and Kleiner, 2011).  
The aim of the paper is to use an analytical probabilistic model approach to examine the effect of uncertain 
factors such as demand, initial capital cost of PRTs, and electricity price on the expected value of payback period 
and standard deviation of payback period under uncertain future demand in a distribution network. The analytical 
probabilistic model is developed with derived probability distribution theory that transforms a known probability 
density function (PDF) of uncertain demand into a PDF of turbine power and payback period. The analytical 
probabilistic model allows decision makers to understand at the planning stage how factors such as initial capital 
cost and electricity price affect the expected value and standard deviation of payback period of PRT projects in 
candidate locations of a network. 
2. Analytical Probabilistic Model of Payback Period for In-line Turbines 
Demand in a distribution system may have daily fluctuations (morning and night peaks), monthly fluctuations 
(peak summer months) and fluctuations over many years (future land-use, city planning, etc). Analytical 
probabilistic modelling is used in this paper to understand how uncertainties in demand can affect the power 
recovered and the payback period of a PRT in a candidate location of a network. The focus is on understanding the 
impact of demand, initial capital cost, and electricity pricing on the expected value and standard deviation of 
payback period of a PRT project in a known location rather than to optimize the placement of a PRT in the network 
as was done in previous studies by Nicolini and Zovatto (2009) and Giugni et al. (2012). 
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2.1. Transformation of a Probability Distribution Function 
For any analytically closed formed function, if it is assumed that x is an uncertain variable and that y is 
functionally dependent upon x. The uncertainty associated with x is necessarily imparted to y through this 
functional relationship. Therefore, y is also an uncertain variable. Furthermore, if the probability distribution of x 
is known, it is possible to derive a probability distribution of y via their functional dependence (Adams and Papa, 
2000).  This is mathematically represented in Equation 1 below, 
( )x= ∗  
  
  (1) 
where  fY(Y)  is the probability distribution of y, and fx(x) is the probability distribution of x. 
Taken that y=h(x)  and hence x=h-1(y) , then Equation 1 may be transformed into Equation 2. 
( ) ( ) ( )( )= ∗        
  
  (2) 
2.2. Derived Probability Distribution Function for Recoverable Power 
The power produced by a turbine is functionally described by Equation 3. The specific weight of the fluid 
passing through the turbine (γ), the average efficiency of the turbine (n) for the range of flows conveyed by the 
turbine, and the head drop (ht) imposed by the turbine for the range of flows conveyed by the turbine. The flow rate 
through the turbine is considered as an uncertain variable that can be modelled with a PDF. 
( )= =     
  
  (3) 
By writing Equation 1 in terms of power (P) and flow rate (Q), Equation 4 is derived, where fP(P) is the derived 
PDF of power production (P) by the turbine, and  fQ(h-1(P)) is the PDF of Q in terms of h-1(P). 
( ) ( ) ( )( )= ∗        
  
  (4) 
Substituting the inverse of Equation 3 into Equation 4 results in Equation 5 
( ) ⎛ ⎞ ⎛ ⎞= ∗⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠  
      
  
  (5) 
Equation 6 is the general form of a PDF for the power recovered by a PRT.  
( ) ⎛ ⎞= ∗ ⎜ ⎟⎝ ⎠  
    
  
  (6)  
Equation 6, will be the basis for calculating PDF’s for the amount of power recovered by turbines. The function 
will change depending on how the flow through the turbine (Q) is assumed to be distributed. 
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2.3. Derived Probability Distribution Function for Payback Period 
Payback Period is generally referred to as the amount of time taken by a project to fully recuperate initial 
investment costs. It is generally accepted that a short payback period for PRTs is desirable. Payback period can be 
defined as Equation 7 
( )= = 

    
  
  (7) 
where B (variable) is payback period [months]; Ci (constant) is initial capital cost [$]; Ce (constant) is local 
price of electricity [$/kWh] and; P (variable) is the annual amount of power produced by the turbine [kW]. 
By substituting Equation 3 into Equation 7, Equation 8 is found to be as follows.  
( )= = 
 
     
  
  (8) 
Adapting Equation 2 in terms of payback period creates Equation 9  
( ) ( ) ( )( )= ∗        
  
  (9) 
By substituting the inverse of Equation 8 into Equation 9 returns Equation 10 
( ) ⎛ ⎞ ⎛ ⎞= ∗⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 
 
 
 	  	
         
  
  (10) 
By simplifying Equation 10, we get   
( ) ⎛ ⎞ ⎛ ⎞= − ∗⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
	 	
 
 
   
        
  
  (11) 
where fB(B) is a PDF which models payback period and fQ(B-1Ci/(Cenγht)) is a PDF which models flow rate. 
Equation 11 will be the basis for calculating the PDF of payback period as well as the expected value and standard 
deviation of payback of a PRT. 
2.4. Expected Value and Variance of Payback Period 
The expected value of payback is calculated by taking the first moment of the payback period for a theoretical 
range of payback periods that span 0 to infinity, such that 
[ ]
0
∞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
= ∗ − ∗⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∫    
  
        	     (12) 
[ ] ( )2
0
∞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
= − ∗ − ∗⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∫ 	 	
                   (13) 
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3. Case Study 
The test network presented in Giugni at al. (2012) shown in Fig. 1 was used in this paper to examine the effect of 
uncertain demand, initial capital cost, and electricity price on the payback period of PRTs with the analytical 
probabilistic approach. The network is fed by three reservoirs at nodes 1, 2, and 3 comprised of 39 pipes, and 25 
nodes. Pipe sizes in the network range from 152-475 mm. The placement of the PRT location along the pipe 
between nodes 16 and 15 in Figure 1 was optimized by Giugni at al. (2012). In their optimization study, the authors 
reported a turbine headloss of 9.5 m, and a turbine flow of 0.1 m3/s. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Test network with an optimally placed PRT along pipe between nodes 15 and 16 (adapted from Jowitt and Xu, 1990; PRT placement 
from Giugni at al., 2012). 
Giugni et. al (2012) assumed a 100% efficiency from the turbine. In this paper, an average turbine efficiency of 
95% was assumed.  
3.1. Impact of Coefficient of Variation of Turbine Flow on Payback Period of PRT  
The impact of turbine flow uncertainty on the expected value and standard deviation of payback period is 
examined here. The coefficient of variation (CV) of turbine flow is used as an indicator of the uncertainty in 
turbine flow. The CV is calculated by dividing the standard deviation (σ) of turbine flow by the mean (µ) of turbine 
flow, such that turbine 
=  
  
  (14) 
In this analysis, the mean turbine flow, initial capital cost, electricity price, turbine efficiency were fixed to the 
values in Table 1. The uncertainty of turbine flow was characterized with a log-normal PDF with a mean of 0.1 
m3/s. 
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Table 1. Turbine parameters to examine the impact of CV of turbine flow on the expected and standard deviation of 
turbine payback period. 
Parameter Value 
Initial Capital Cost (Ci) [$] 650,000 
Price of Electricity (Ce) [$/kWh] 0.091 
Turbine Efficiency (n) [%] 95 
Turbine Headloss (ht) [m] 9.5 
Mean Turbine Flow (Q) [m3/s] 0.1 
Table 2 indicates that an increase in CV of turbine flow produces only a slight increase in expected payback period. 
More significantly, an increase in CV produces only a slight increase in the standard deviation of payback period. 
This is owing to the inverse, non-linear relationship between payback period and turbine flow. Increase turbine 
flows from 0 m3/s to beyond the mean turbine flow of 0.1 m3/s causes a sharp decrease in payback period which 
then approaches a theoretical asymptote of 0 months in a gradual, monotonic manner. The inverse, non-linear shape 
of the payback period – turbine flow relationship tends to produce a PDF of payback period that has a very small 
dispersion around the expected value.  
Table 2. Impact of the coefficient of variation of turbine flow on expected value and standard deviation of payback 
period of turbine. 
CV of Turbine Flow  Expected Payback 
Period (months) 
Standard Deviation of 
Payback Period (months) 
0.1 99.8 2.0 
0.2 99.8 2.0 
0.3 99.9 2.0 
0.4 99.9 2.0 
 
3.2. Impact of Initial Capital Cost on Payback Period of PRT 
Examined next is the impact of initial capital cost on the expected value and standard deviation of recovered power 
and payback period of the PRT in the test network. As in the previous section, the mean turbine flow, initial capital 
cost, electricity price, and turbine efficiency were fixed to the values in Table 3. The uncertainty of turbine flow 
was characterized with a log-normal PDF with a mean of 0.1 m3/s. The coefficient of variation of flow rate is fixed 
at the value of 0.1 and the mean flow through the turbine is assumed to be at a fixed value of 0.1 m3/s, therefore the 
standard deviation of the flow rate (σ) through the turbine will be at a fixed value of 0.01 m3/s.  
Table 3. Turbine parameters to examine the impact of initial capital cost of turbine project on the expected and standard 
deviation of turbine payback period. 
Parameter Value 
Initial Capital Cost (Ci) [$] 650,000 
Price of Electricity (Ce) [$/kWh] 0.091 
Turbine Efficiency (n) [%] 95 
Turbine Headloss (ht) [m] 9.5 
Mean Turbine Flow (Q) [m3/s] 0.1 
Coefficient of Variation of Turbine Flow  0.1 
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The impact of initial capital cost on the expected value and standard deviation of recovered power and payback 
period is indicated in Table 4. The results in Table 4 indicates that an 1.5 fold increase in initial capital cost 
produces a proportional increase (1.5 fold) in the expected value of payback period. Further, the results indicate 
that an increase in initial capital cost has little effect on the standard deviation of payback period. Increasing the 
initial capital cost in (8) causes a vertical translation of the payback period – turbine flow relationship. This has the 
effect of shifting the PDF of payback period in a region with higher payback period and thus a higher expected 
value of payback period. Through this shifting, the dispersion of the PDF of payback period is mostly unaffected, 
as seen by the small changes in the standard deviation of payback period in Table 4.  
Table 4. Impact of initial capital cost on expected value and standard deviation of payback period of turbine. 
Initial Capital Cost ($) Expected Payback 
Period (months) 
Standard Deviation of 
Payback Period (months) 
550,000 84.5 0.8 
650,000 99.8 1.0 
750,000 115.2 1.1 
850,000 130.5 1.3 
3.3. Impact of Electricity Price on Payback Period of PRT. 
Examined next is the impact of electricity on the expected value and standard deviation of recovered power and 
payback period of the PRT in the test network. As in the previous section, the mean turbine flow, coefficient of 
variation of turbine flow, initial capital cost, and turbine efficiency were fixed to the values in Table 5.  
Table 5. Turbine parameters to examine the impact of electricity price on the expected value and standard deviation of 
turbine payback period. 
Parameter Value 
Initial Capital Cost (Ci) [$] 650,000 
Turbine Efficiency (n) [%] 95 
Turbine Headloss (ht) [m] 9.5 
Mean Turbine Flow (Q) [m3/s] 0.1 
Coefficient of Variation of Turbine Flow  0.1 
 
The results in Table 6 indicate that a 33% increase in electricity price results in a 25% decrease in payback 
period. This is owing to the fact that an increase in electricity price shifts the payback period – turbine flow 
downward such that a given turbine flow will correspond to a shorter payback period. This downward shift in turn 
causes a leftward translation of the PDF of payback period into a region with shorter payback periods and a lower 
expected value of payback period. The dispersion of the PDF of payback period is largely unaffected as observed 
by the slight change in standard deviation of payback period in Table 6. 
Table 6. Impact of electricity price on expected value and standard deviation of payback period of turbine. 
Electricity Price ($) Expected Payback 
Period (months) 
Standard Deviation of 
Payback Period (months) 
0.082 110.8 1.1 
0.091 99.8 1.0 
0.100 90.8 0.9 
0.109 83.3 0.8 
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4. Conclusion 
This paper presented a new analytical probabilistic model to characterize the economic payback period of in-line 
micro turbines in water distributions. An analytical probabilistic model was developed to calculate the expected 
value and standard deviation of the payback period of a turbine project based on a known probability density 
function (PDF) of turbine flow.  
The analytical probabilistic model was applied to a test water distribution network to examine the impact of the 
(i) coefficient of variation of turbine flow, (ii) initial capital cost of the turbine, and (iii) electricity price on the 
expected value and standard deviation of payback period for an optimized turbine location. The results suggested 
that the coefficient of variation of turbine flow had little impact on the expected value and standard deviation of 
payback period. The initial capital cost and electricity price had a significant impact on the expected value of 
payback period but only a small impact on the standard deviation of payback period. The results will help 
municipalities better understand how the uncertainties associated with demand, initial capital costs, and electricity 
pricing will affect the economic viability of in-line micro-turbine projects in their systems. 
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